Abstract. In this paper, bifurcation and chaotic behavior of in-extensional rotating shafts are investigated. The shaft is modeled as a Rayleigh simply supported beam, spinning with constant rotational speed. Using two-mode Galerkin truncation, the partial di erential equations of motion are discretized and, then, with the aid of numerical simulations, the dynamical behavior of the rotating shaft is studied. Using tools from nonlinear dynamics, such as time history, bifurcation diagram, Poincar e map, Lyapunov exponents, and amplitude spectrum, a comprehensive analysis is made to characterize the complex behavior of the rotating shaft. Periodic (synchronous), quasi-periodic, chaotic, and transient chaotic responses are observed in the neighborhood of the second critical speed. The e ect of rotary inertia and damping on the dynamics of the rotating shaft is considered. It is shown that the chaotic response is possible for a shaft with weak nonlinearity without the existence of any internal resonance.
Introduction
Due to the high-speed performance of newly developed rotating machinery, the dynamical prediction and analysis of these equipment are necessary. To simplify the analysis, researchers often try to use the linear analysis. But, application of nonlinear analysis is sometimes inevitable. Many phenomena should be described with nonlinear equations which are not explainable with linear analysis. Analysis of chaotic dynamics of rotating machines has been an important topic in rotor-dynamics area in recent years. Ishida [1] reviewed the research on the nonlinear vibration and chaos in rotordynamics eld. That paper covered the nonlinearity in restoring and damping forces such as clearances in bearings, squeeze lm dampers, oil lms in journal bearings, magnetic forces, seals, frictions, and sti ening e ect in rotating shaft systems. In one of the early experiments in chaotic motion of rotor systems, Ehrich [2] observed period doubling routes to chaos in a rotor with dead-band nonlinearity. Up to now, many studies have been carried out in study of chaotic vibration in rotor-dynamics; for example, chaotic responses due to rub-impacts in rotors have been studied in references [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and the chaotic dynamics of rotors due to e ects of bearing has been investigated in papers [18] [19] [20] [21] [22] [23] [24] [25] . Most of these papers treated the rotor with strong nonlinearity. However, in practical rotor-dynamics, these types of nonlinearity occur in rare cases.
Yamamoto and Ishida [26] pointed out that the chaotic vibration in a rotor with weak nonlinearity was possible when the e ect of gyroscopic moment was small. Indeed, when the shaft is slender and the gyroscopic e ect is small, internal resonances of type 1: (-1) may occur due to nonlinear asymmetry, and this may in turn lead to a chaotic response. Inoue and Ishida [27] investigated chaotic vibration and internal resonance phenomena in rotor systems with weak nonlinearity by using theoretical and experimental methods. They found a period-doubling route to chaos. Nagasaka et al. [28] used a continuous rotor with geometrical weak nonlinearity to study the chaotic behavior of a rotating shaft. The nonlinearity was due to the elongation of the shaft, which was induced from restraining the shaft supports in axial direction. Since the shaft was horizontal, the asymmetrical nonlinearity appeared as a result of shifting of equilibrium position. The shaft was very slender, and so the gyroscopic moment was very small.
Using a nonlinear in-extensional shaft model, it is shown that the chaotic response can occur in a continuous rotating shaft with weak symmetric geometrical nonlinearity, even for a fairly large amount of gyroscopic moments. This is in contrast to the assertion of [26, 27] . In these references, the authors stated that the chaos occurred in rotors with strong nonlinearity or in rotors with weak nonlinearity, but in the presence of internal resonance. Internal resonances occur when the gyroscopic moment is small. In the present paper, the occurrence of chaos in an in-extensional rotor is shown without the existence of the above factors. In other words, it is shown that the chaotic response is possible for a shaft with weak nonlinearity without the existence of any internal resonance. It is observed that the chaotic motion occurs in the rotor for any value of rotary inertia and it is not necessary that the rotor should have a small gyroscopic moment with asymmetric nonlinearity [26, 27] .
In previous articles [29] [30] [31] [32] , dynamical behavior of nonlinear in-extensional rotating shafts was studied by the author. In those papers, the periodic response of the shaft was considered and other types of shaft motion, like quasi-periodic and chaotic responses, were not studied. Therefore, some questions remained: Does an in-extensional rotating shaft have a chaotic behavior? In what rotational speed? What is the characteristic of the response? etc. The present paper tries to answer these questions. This article is a continuation of the author's previous papers [29] [30] [31] [32] , in which bifurcation and chaotic behavior of the rotor system were investigated. The shaft is modeled as a Rayleigh simply supported beam, spinning with constant rotational speed. Since the dynamics of the rotating shaft is studied in the neighborhood of the second critical speed, two-mode Galerkin truncation is applied to discretize the partial di erential equations of motion into eight rst-order ordinary di erential equations in two transverse planes. Using fourthorder Runge-Kutta method (please see the Appendix for the owchart of the method), with the aid of time history, bifurcation diagram, Poincar e map, Lyapunov exponents, and amplitude spectrum, a comprehensive analysis is made to investigate the dynamical behavior of the rotating shaft. When the rotational speed is near the second whirling mode, periodic, quasi-periodic, and chaotic motions as well as transient chaos are observed. The chaotic motion occurs in a vast range of parameters. The e ect of rotary inertia (gyroscopic moment) and damping on the dynamics of the rotating shaft is considered. Figure 1 shows a schematic of a rotating shaft before deformation. The frame X-Y -Z is an inertial coordinate, in which axis X is along the centerline of the undeformed shaft. The length of the undeformed shaft is l. The x-y-z axes constitute a local coordinate. The axes are attached to the centerline of the deformed shaft at position x. Displacements of a particle in arbitrary location x along X, Y , and Z axes are u(x; t); (x; t), and w(x; t), respectively. The following assumptions are employed:
Equations of motion
1. The shaft has uniform circular cross section and is isotropic; 2. Shaft spins around longitudinal axis X with constant speed ; 3. The e ect of gravity is neglected; 4. The warping e ects are neglected; 5. The rotary inertia and gyroscopic e ects are considered; 6. The rotating shaft is simply supported; 7. Support O of the shaft is xed, but support O 0 is movable along the X axis ( Figure 1 ). This assumption implies that the stretching e ect is negligible. This situation is more realistic than that in some previous works in which nonlinearity was due to the stretching of the shaft centerline, e.g., [28] ; 
where t is time, D 22 is transverse rigidity, m is mass per unit length of the shaft, c is external damping coe cient, I 2 is diametrical mass moment of inertia, and e & (x) and e (x) are eccentricity distributions measured with respect to axes y and z, respectively. Applying the above assumption and using dimensionless quantities (1), after dropping the asterisks, the equations of motion governing the vibration of an inextensional rotating shaft can be written as [29] : + 0 
Derivation of the above equations has been explained thoroughly in [29] , and it is not repeat here. Eq. (2) includes e ect of nonlinear curvature as well as nonlinear inertia. The partial di erential equation of motion is discretized using two-mode Galerkin truncation as:
where j (x) = p 2 sin jx (j = 1; 2) is the linear mode shape of the shaft [29] . Since the dynamics of the rotating shaft is studied in the neighborhood of the second critical speed, two-mode Galerkin truncation is applied.
Substituting Eq. (4) into Eq. (2), taking the inner product of each equation with its corresponding mode shape, and using the orthogonality properties of the mode shapes, one can obtain the following discretized equations of motion: 
where:
In the next section, Eq. (5) is used to investigate the dynamics of the shaft in di erent rotational speeds, especially near the second whirling mode.
Dynamical analysis of the rotating shaft
In this section, with the aid of numerical simulation, the dynamical behavior of the rotating shaft is considered. Fourth-order one-step Runge-Kutta method is applied to numerically integrate equation (5) . In statespace form, Eq. (5) can be written as:
where X = [ 1 _ 1 2 _ 2 w 1 _ w 1 w 2 _ w 2 ]. The characteristics of the shaft response are studied by use of di erent tools from nonlinear dynamics such as time-history, Poincar e map, bifurcation diagram, Lyapunov exponent, and amplitude spectrum.
Since Eq. (7) is non-autonomous, construction of the Poincar e map is easy [34] . To create a Poincar e map, the response is sampled with frequency =2, and then the result is projected onto a suitable plane. For example, to construct a Poincar e map for the rstmode response in -plane, Eq. (7) is integrated and then, it is sampled with frequency =2; nally, the values of [ 1 _ 1 ] are plotted in a diagram. Only steady state response is of interest; therefore, the transient part of solution is discarded and Poincar e map is constructed using steady state solution. To plot the bifurcation diagram, a similar procedure is followed, with one exception that intended displacement (or velocity) is plotted against the control parameter (here, rotational speed).
Lyapunov exponent can be used to detect a chaotic motion. The largest positive Lyapunov exponent is a sign of chaos (sensitivity to initial conditions) and a non-positive one shows regular (nonchaotic) motion [34] . To compute the largest Lyapunov exponent, the procedure explained in [34, page 183] is followed, namely, Eq. (7) and corresponding variational equations are integrated simultaneously, and then the divergence of a trajectory in the neighborhood of reference points is locally computed. Finally, the e ects of all local divergences are super-imposed to compute the largest Lyapunov exponent. Again, these computations are applied to the steady state part of the solution.
Numerical simulation to Eq. (5) shows that near the rst whirling mode, the shaft response is synchronous, i.e., the shaft whirls with frequency equal to the rotational speed. In contrast, near the second whirling mode, the rotating shaft shows complex dynamical behavior. Thus, the dynamics of the rotating shaft is investigated near the second whirling mode. Speci cally, the rotational speed is assumed to be in the interval (34-42). Eq. (5) is simulated and the equations are in dimensionless form, so all parameters and variables used as well as results, which are presented in this section, are in dimensionless form. In addition, all initial conditions are set to zero in all simulations.
A slender rotating shaft with light damping
Two important parameters in dynamical behavior of the shaft are eccentricity e ij i; j = 1; 2, and rotational speed . Instead of considering the e ects of theses parameters separately, they are present in a diagram and the shaft response is characterized using tools from nonlinear dynamics (e.g., Lyapunov exponent). whirling mode is periodic (this result is not presented here). The complex behavior of the shaft appears near the second whirling mode, and so Figure 2 is plotted in this range. Rotational speed increases from = 34 with step 0.2 up to = 42. Eccentricity increases from e t = e 11 = e 12 = 0:002 with step 0.001 up to e t = e 11 = e 12 = 0:012. In all cases, it is assumed that the eccentricity is in one plane, so e 21 = e 22 = 0. Figure 2 gives a complete pattern of di erent types of motion in di erent values of eccentricity and rotational speed. Periodic and chaotic motions are observed in the shaft response. With the present parameters, no quasi-periodic motion is observed. This gure shows that the chaotic motion is possible in a vast range of eccentricity and rotational speed. From the gure, it is obvious that with increasing the rotational speed or eccentricity, the probability of the occurrence of the chaotic motion increases. One can conclude that in in-extensional rotating shafts, even for a fairly small amount of eccentricity, the chaotic motion is possible. For example, if e t = 0:002, then chaotic vibration occurs for rotational speed of 41:6. Note that the second critical speed is about 40.
Consequently, for a fairly slender rotating shaft, the chaotic vibration is possible in the rotational speeds above the second critical speed, even for a small amount of eccentricity. For large eccentricity, the chaotic motion appears in the rotational speeds below the second critical speed. There are regions in the diagram, e.g., e t = 0:003 and 40 41:2, where periodic and chaotic motions occur alternately.
To investigate this diagram more deeply, the timehistory, Poincar e map, bifurcation diagram, Lyapunov exponent, and amplitude spectrum are used. Bifurcation diagrams for the amplitude of the rst and secondmode responses in -plane, i.e., 1 and 2 , are plotted against rotational speed in Figures 3 and 4 . In these gures, e t = 0:003: Note that in these gures, in the range of < 40:2, the amplitude of periodic motion is a small value, not zero. The qualitative behavior of both modes is the same. However, amplitude of the secondmode response is smaller. The motion is periodic up to rotational speed of 40:2, where a large-amplitude chaotic motion appears. Above this rotational speed, periodic and chaotic motions occur alternately, and then above 41:2, only chaotic motion is observed. Figures 3-4 show examples of discontinuous bifurcation: the periodic motion suddenly disappears and a chaotic motion occurs.
Time histories and Poincar e map of the rst-mode response at = 40:2 are shown in Figures 5 and 6 . The aperiodic nature of the chaotic motion is obvious in Figure 5 . In periodic response, there exists a single point in Poincar e map. But, Figure 6 shows irregular scattering of points in the plane, and it is a sign of chaos. Figure 7 shows the corresponding amplitude spectrum. When the response is periodic, the spectrum has a single spike in the rotational speed frequency. In contrast, Figure 7 shows a broadband of frequencies in the response, which is a characteristic of chaotic motion. To quantify the above results, the largest Lyapunov exponent is computed and plotted against rotational speed in Figure 8 . The largest positive Lyapunov exponent > 0 denotes a chaotic motion (sensitivity to initial conditions) and a non-positive one 0 shows regular (non-chaotic) motion. Figure 8 shows that a chaotic motion appears rst in 40:2, where 2:45.
A very slender rotating shaft with negligible gyroscopic e ect
In this sub-section, it is assumed that the shaft is very slender with negligible gyroscopic e ect and the dynamical behavior of the shaft is considered. Therefore, it is assumed that I 2 = 0 and c = 0:03. Figure 9 shows di erent types of motion of the shaft with di erent eccentricities and rotational speeds. The ranges and steps of eccentricity and rotational speed are same as those in Figure 2 . The general trend of the diagram is similar to that in Figure 2 . But, in the present shaft with negligible gyroscopic e ect, in addition to periodic and chaotic responses, quasi-periodic and transient chaotic motions may occur. Furthermore, the chaotic region in this diagram, in comparison with Figure 2 , is large. The reason is that when the shaft is very slender, the nonlinearity is bigger and chaos can occur in lower rotational speeds and wider range of parameters. In the following, this diagram is studied more deeply. Bifurcation diagram for the amplitude of the rst-mode response in -plane is plotted against rotational speed in Figure 10 asymptotic state of the system is periodic. The largest Lyapunov exponent is computed and plotted against rotational speed in Figure 12 . This diagram shows the chaotic region of the response. Figure 9 showed that for some values of eccentricity and rotational speed, quasi-periodic motion existed. This case is considered more deeply. The largest Lyapunov exponent is presented for e t = 0:01 in Figure 13 . For the cases of 34:8 and > 37:8; is positive and a chaotic motion exists.
From Figure 13 , it is observed that the shaft responses for = 34:6 and = 34:8 are periodic and chaotic, respectively. But, at = 35:4 ( Figure 14) , it seems that the motion is quasi-periodic (the motion is not chaotic because the maximum Lyapunov exponent is not positive). Poincar e map corresponding to Figure  14 is plotted in Figure 15 . This gure shows complex closed curves, not a simple closed curve. Thus, the response is not a two-mode quasi-periodic motion, but a multi-mode quasi-periodic one. To investigate more, amplitude spectrum corresponding to this case is plotted in Figure 16 . This gure shows that there are spikes in the spectrum, approximately in frequencies of 9.49, 10.21, 35.40, and 40.88. This con rms that the response is multi-mode quasi-periodic motion. Note that these frequencies have been computed with nite precision. With in nite precision, these frequencies would be incommensurate. Otherwise, the motion would be periodic. The frequencies of 9.49 and 10.21 in spectrum are forward and backward rst-mode natural frequencies, respectively, and 40.88 is the second forward natural frequency. The frequency of 35.40 is rotational speed frequency. Figure 16 reveals the frequency content of the motion, nicely. Brie y, when the shaft is rotated with the speed of = 35:4, it is whiling with three frequencies of 9.49, 10.21, and 40.88 and a quasi-periodic response appears. Note that simulations in the neighborhood of this rotational speed show that this quasi-periodic motion exists only in a narrow region of rotational speed (this result is not presented here).
A short lightly damped rotating shaft
In this subsection, the value of mass moment of inertia is increased and dynamical behavior of the shaft is investigated. Therefore, the shaft is not slender and gyroscopic moment is fairly large. In references [26, 27] , the authors stated that the chaos occurred in rotors with strong nonlinearity or in rotors with weak asymmetric nonlinearity, but in the presence of internal resonance. Internal resonances occur when the gyroscopic moment is small. Here, the occurrence of chaos in an in-extensional rotor with large gyroscopic moment is observed. In other words, it is shown that the chaotic response is possible for a shaft with weak symmetric nonlinearity without the existence of any internal resonance. Therefore, the present case shows that the chaotic motion can occur in the rotor with wide range of rotary inertia values and it is not necessary that the rotor should have a small gyroscopic moment. Figure 17 shows di erent types of motion of the shaft with di erent eccentricities and rotational speeds. It is assumed that I 2 = 0:00625 c = 0:03. The ranges and steps of eccentricity and rotational speed are same as those in Figure 2 . The general trend of the diagram is similar to that in Figures 2  and 9 . However, the range of chaotic motion is very small and it occurs in large eccentricity and rotational speed. For eccentricity e t = 0:01, the largest Lyapunov exponent is presented in Figure 18 . The response is periodic until a discontinuous bifurcation occurs in 37:6, and small-amplitude periodic bifurcation disappears and a fairly-large-amplitude quasi-periodic motion is created. Then, again in 37:8, the response becomes periodic and in a discontinuous bifurcation at 41:4, a large-amplitude chaotic motion appears. The largest Lyapunov exponent shows periodic and chaotic responses in = 37:4 and = 41:4, respectively. But, the response in = 37:6 seems to be quasi-periodic ( Figure 19 ). To investigate more, the amplitude spectrum is plotted for this case in Figure 20 . The gure shows that the motion is quasi-periodic. The base frequencies are 7.10, 12.13, 37.60, and 43.85. These frequencies are rst forward mode natural frequency, rst backward mode natural frequency, second forward natural frequency, and rotational speed frequency, respectively.
A slender rotating shaft with high damping
Now, the e ect of damping is considered. Figure 21 shows di erent types of motion of the shaft with di erent eccentricities and rotational speeds. The data is the same as that in Figure 2 , except that c = 0:1. In this case, the damping is large. The general trend of the diagram is similar to that of the previous cases. However, the range of chaotic motions is smaller and transient chaos is observed. For e t = 0:003, bifurcation diagram of the amplitude of the rst-mode response is plotted in Figure 22 . The corresponding largest Lyapunov exponent is presented in Figure 23 . These gures show that the response is periodic until a discontinuous bifurcation occurs in 40:8, where smallamplitude periodic motion disappears and a largeamplitude chaotic motion is created. Above this speed, again, periodic solution is observed and with increasing the speed to 41:2, a chaotic motion is created, which is sustained for larger rotational speeds. Other properties of the response are similar to those of the previous cases and are not repeated again.
Conclusion
In the paper, bifurcation and chaotic dynamics of inextensional rotating shafts were analyzed. Two-mode Galerkin truncation was used to discretize the partial di erential equations of motion. The nonlinearity in the system was symmetric in two transverse planes.
Using numerical integration, it was shown that periodic (synchronous), quasi-periodic, chaotic, and transient chaotic responses were possible for the shaft near the second critical speed. It was proved that the chaotic response existed even for a fairly short rotating shaft. In other words, it was shown that the chaotic response was possible for a shaft with symmetric weak nonlinearity without the existence of any internal resonance. Therefore, one may conclude that the chaotic motion can occur in an in-extensional nonlinear shaft for a wide range of rotary inertia and it is not necessary for the rotor to have a small gyroscopic moment. With some tools from nonlinear dynamics, such as time history, bifurcation diagram, Poincar e map, Lyapunov exponents, and amplitude spectrum, di erent types of shaft responses were characterized and analyzed. Some results of the paper are as follow: 1. Near the rst whirling mode, the shaft response is synchronous; 2. In the neighborhood of the second whirling mode, the rotating shaft shows complex dynamical behavior; 3. When the shaft is slender and the damping is light, chaotic motion is possible in a vast range of eccentricities and rotational speeds; 4. For a fairly slender rotating shaft, even with a small amount of eccentricity, chaotic vibration is possible in the rotational speeds above the second critical speed. For large eccentricities, the chaotic motion appears in the rotational speeds below the second critical speed; 5. In the rotating shaft with negligible gyroscopic e ect, in addition to periodic and chaotic motions, quasi-periodic motion and transient chaos are observed. Furthermore, the chaotic region occurs in a broader range of parameters; 6. Chaos can occur in the in-extensional rotating shaft with fairly large amounts of damping and gyroscopic moment. 
